1. PHD PROJECT DESCRIPTION (4000 characters max., including the
aims and work plan)
Project title:

Periodic solutions of symmetric Hamiltonian systems

1.1. Project goals: Generally speaking, the first aim of the project is to study
the existence and properties of critical orbits of invariant fuctionals.
Next, applying these abstract results we are planning to study closed connec-
ted sets of nonstationary periodic solutions of symmetric Hamiltonian systems
in a neighborhood of orbits of equilibria, continuation of such sets and their
global bifurcations.
Finally, we are also going to apply our abstract results to problems coming
from natural sciences.



1.2 Outline: More precisely, we propose to consider a Hamiltonian system

&(t) = JH'(z(t)), (0.1)
where H € C?(R?*M,R) and J is the standard symplectic matrix.

In our research we use the variational approach, i.e. we introduce a parame-
trized family of Hamiltonian systems

£(t) = NTH'(z(t)), (0.2)

and consider 27-periodic solutions of this family as critical points of an asso-
ciated functional ® : H¥/2(S?, R?) x (0, +00) — R, where HY/2(S*,R?) is
the Sobolev space of 27-periodic R?V-valued functions and

B(z, \) = % | " (Ta(e) - 5())dt + / T AH(z(t))dt.

It is known that the symmetries of the problem are inherited by the func-
tional. In particular, since the space H/?(S!,R*) consists of 27-periodic
functions, the functional ® is, by definition, S*-invariant, where the St-action
on HY2(S* R2N) is given by shift in time. If we additionally assume that R2Y
is a symplectic, orthogonal representation of some compact Lie group I' and
the Hamiltonian H is I-invariant, then @ is (I' x S!)-invariant.

In other words the study of 27-periodic solutions of the family (0.2) is equ-
ivalent to the study of critical (I' x S*)-orbits of solutions of the equation
V.®(z,A) = 0.

To study the critical points of the functional ®, taking into account the (T' x
S*)-symmetries of the problem, we are going to apply equivariant counterparts
of known tools i.e. the (' x S')-equivariant Conley index, and the degree for
(I x S1)-equivariant gradient maps.

First, we intend to study the existence, bifurcations (local and global) and
continuation of nonstationary periodic solutions of autonomous symmetric
Hamiltonian systems in a neghborhoods of Iorbits od stationary points..
Next, we are planning to study nonstationary periodic solutions of specific
Hamiltonian systems that arise in celestial mechanics.

To be more precise.

Consider the following family of Hamiltonian systems

(t) = MH'(z(t))
{ z(0) = =z(2m) ' (0.3)
Let H'~*(0) consists of a finite number of orbits, i.e. there are zo, z1, . . ., Tp €

R?N such that H'~*(0) = I'(zo) UT'(z1) U ... UT'(z,). Note that these orbits
can be manifolds of different dimensions.
The set of stationary solutions of the family (0.3) equals

S= (LPJ F(m)) x (0, +00) C HY*(S*, R*N) x (0, +c0)

=0
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We intend to explore global bifurcations of nonstationary 2m-periodic so-
lutions of the family (0.3) from the set S i.e. we are going to study properties
of closed connected sets of nonstationary 2m-periodic solutions of this family
emanating from the set S.

According to the knowledge of the author of the project, this type of problems
has been studied so far only if the set of critical points of the Hamiltonian
H has been finite.

The importance of abstract results obtained during the implementation of the
research project can be emphasized by using them to the study of nonstatio-
nary periodic solutions of specific [-symmetic Hamiltonian systems.
Applying the abstract results to symmetric Hamiltonian systems we will consi-
der the following SO(2)-symmetric Hamiltonian systems coming from celestial
mechanics:

(i) Meyer and Schmidt gave a simple mathematical model for braided rings
of a planet based on Maxwell’s model for the rings of Saturn. The au-
thors consider Nonalternating (/N + 1)-body problem and Alternating
(2N + 1)-body problem. After some reductions in both cases the Ha-
miltonians are I' = SO(2)-invariant. Moreover, the sets of stationary
solutions these SO(2)-symmetric Hamiltonian systems consist of a one-
dimensional manifold homeomorphic to S*.

(ii) Palacian, Vidal, Vidarte and Yanguas considered a family of cosmology-
inspired Hamiltonian systems depending on three paramaters o, 3 € R
and € > 0. If @ = # < 0 then this Hamiltonian is I' = SO(2)-symmetric.
Moreover, the sets of stationary solutions these SO(2)-symmetric Ha-
miltonian system consists of the origin and a one-dimensional manifold
homeomorphic to S?.

The above presented Hamiltonian systems are SO(2)-invariant We expect
to prove the existence, bifurcation and continuation of new nonstationary
periodic solutions to these issues in a neighbourhood of the SO(2)-orbits of
equilibria.

1.3 Work plan: The research project consists of two closely related topics. The
first one is the study of nonstationary periodic solutions of symmetric Ha-
miltonian systems. The second one is the study of periodic solutions of
specific Hamiltonian systems appearing in celestial mechanics.

The general study plan is as follows:

(i) studying properties of the Euler ring U (T x S%),

(ii) applications of (I" x S')-equivariant Conley index and the degree theory
for (T' x S')-equivariant gradient maps to the study of (I' x S*)-orbits
of critical point of (' X St)-invariant functionals,

(iii) studying I-symmetric Hamiltonian systems:

(A) local and global bifurcations of nonstationary periodic solutions,
(B) continuation of nonstationary periodic solutions.



(iv) Applications of the abstract results to the study of nonstationary pe-
riodic solutions of Hamiltonian systems modelling
(A) Saturn rings motion,
(B) homogeneous and isotropic expanding/contracting of universe.
(v) Comparison of the obtained results with those existing in the literature.
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1.5 Required initial knowledge and skills of the PhD candidate: The
candidate should have the ability to think independently, analytically, willin-
gness to self-study and mathematical inquisitiveness. They should also have
basic knowledge and skills in the field of mathematical analysis, functional
analysis, linear algebra, topology, topological nonlinear analysis and ordinary
differential equations.
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1.6 Expected development of the PhD candidate’s knowledge and skills:
While implementing the research project, the candidate should conduct rese-
arch at a high level, acquire the skills to present scientific achievements at a
professional level, gain advanced knowledge of critical points theory, invariant
topological nonlinear analysis, and theory of Hamiltonian and Newtonian sys-
tems.



